We use a binomial model to derive the optimal trading strategy for a hedge fund manager facing different constraints such as the possibility of the fund liquidation and a minimum net-of-fees return to deliver in order to meet investors expectations. Our model enables us to link the optimal trading strategy and the optimal volatility of the fund to the management and incentive fee rates, the minimum net-of-fees return required by investors, the size of the fund and the moneyness of the option-like contract held by the manager. We find that even if the optimal volatility of the fund increases when the option is out of the money, there is a certain point at which it starts to decrease; and this point can vary from one manager to another given that it is related to factors such as his ownership in the fund and his tolerance for risk. These results give further insights on why some empirical studies such as Brown, Goetzmann and Park (2001) and Clare and Motson (2009) fail to find a general trend in hedge fund managers' risk-taking behavior when their option is out of the money.
Introduction
Several studies have addressed the issue of the risk-taking behavior of managers who have asymmetric compensation packages (incentive fees) and the conflicting results show how difficult it is to come up with a satisfactory answer. The incentive contract resembles a call option given that the manager receives incentive fees when the asset value exceeds the high water mark. Using a TASS database, Brown, Goetzmann and Park (2001) find that hedge fund managers tend to increase (decrease) risk in response to performance relative to their peers, but not in response to their absolute performance. They argue that the positive relationship between volatility and termination provides a disincentive for fund managers to gamble excessively when their option is out of the money (OTM). Carpenter (2000) examines the behavior of a mutual fund manager who has an option-like contract on the asset under management. She finds that the manager will increase the risk of the fund if the fund's return is below the hurdle rate and will decrease the risk if the return is above the hurdle rate, which also suggests a "locking in" behavior when the option-like contract is ITM. However, her analysis is over one period and ignores the possibility of the fund being liquidated in response to poor performance unless its value becomes zero. A liquidation boundary has been specified by other authors such as Goetzmann, Ingersoll and Ross (2003) , Hodder and Jackwerth (2007) or Panageas and Westerfield (2009) . Their models show that the manager has the incentive to increase risk given that the value of the option increases with the volatility, but as the fund's value approaches the liquidation boundary, the manager will decrease risk.
In this study, we use a binomial model to assess the risk-taking behavior of a hedge fund manager. As in Hodder and Jackwerth (2007) , we present a theoretical and discrete time-model. Our approach enables us first to assess the impact that the level of volatility has on the expected manager's fees and the expected investors' wealth. Our results suggest the manager may not benefit from excessive risk-taking because a high level of volatility reduces the expected investors' wealth, which may lead to outflows when their objectives are not accomplished and therefore, may reduce the future compensation of the manager.
Second, we solve for the optimal trading strategy from the manager's prospect on a one-period basis. The one-period setting is justified because even though the manager's horizon is longer, he implements his optimal trading strategy period by period to maximize his compensation. He has an incentive to increase risk because his expected fees increase with volatility, while investors would like to inhibit excessive risk-taking because it impacts negatively on their expected wealth and increases the magnitude of potential losses. To account for this conflict of interest or agency problem, we derive the optimal trading strategy by setting first a liquidation boundary for the fund, and unlike previous studies, we add a constraint related to a minimum net-of-fees return to be delivered by the manager in order to renew his contract or avoid outflows due to poor performance. This constraint can be considered as a benchmark for the manager and shows that the fund should bear a minimum risk in order to meet investors' expectations in terms of returns. We also add a third constraint related to the manager' tolerance for risk. Our results show that the optimal allocation in the risky asset is negatively related to management and incentive fee rates, and to the size of the fund. However, it is positively related to the minimum net-of-fees return required by investors and to the moneyness of the option contract, the latter defined herein as the distance between the high water mark and the fund value. This means that the more the option is OTM, the higher the incentive to take risk will be. However, because of the liquidation boundary, there is a level of asset under management where the risk exposure of the fund starts to decrease.
The contribution of our paper to the hedge fund literature is to give further insights on the reason why the relationship between the volatility strategy of the manager and the moneyness of the option is complex especially when the latter is OTM. Indeed, Brown et al. (2001) and Clare and Motson (2009) fail to empirically find a clear behavior of hedge fund managers in response to absolute performance. Clare and Motson (2009) find that sometimes managers increase risk when their option is OTM, but they do not "put it all on black" in other to "win" back earlier losses. Our model shows that the manager increases the volatility up to a certain point when the fund is below the high water mark. Above this point, he decreases the volatility of the fund due to the fear of liquidation. This point depends on factors such as his tolerance for risk or his ownership in the fund and it is the reason why the risk-taking behavior will differ from one manager to another, and it will remain difficult to find a clear increase or decrease of risk when the option-like contract is OTM.
The Model
Compensation contracts for hedge fund managers include incentive fees which can be thought of as a call option on the portfolio that they manage. At the end of each period, the portfolio can take on a continuum of values. However, whatever the end value, there are only two possible outcomes: either the option is exercised or it is not. The goal of this study is not to implement a sophisticated model that describes the precise portfolio value at the end of each period. Our study aims to model the two possible outcomes for the option through time. To achieve this, we use a binomial model. The binomial approach offers an intuitive and tractable setting for evaluating options, and provides results that are easy to interpret. It has the advantage of providing a closed-form solution for the optimal trading strategy and the optimal volatility of the fund.
The binomial model assumes that the asset value can either go up or down by a known amount and we use this approach for the intuition it offers in modeling the risk-taking behavior of the manager. Indeed, one can consider a binomial world setting where the manager bets on the market's direction. He can either win or lose. The initial size of the fund is S 0 . We consider the problem of a hedge fund manager's optimal allocation of portfolio value into a risky and a riskless investment opportunity. The riskless asset grows at the risk free rate r f and has a volatility of zero, while the risky asset has a mean μ e and a volatility σ e . It follows a binomial random walk with the up and down parameters u and d defined as:
The probability of a rise p e is defined as follows: and the probability of a fall is 1-p e . The choice of these constants is far from unique and we choose this specification for estimation purposes. (Note 1)
The manager selects a dynamic strategy by allocating a fraction x e of the fund in the risky asset and the remaining part (1-x e ), is invested in the riskless asset. We allow the manager to control for x e which can be superior to 1 when he uses leverage. In that case he borrows at the risk free rate r f . The asset under management S follows a binomial random walk with a drift μ = x e μe + (1-x e )r f and a volatility σ = x e σ e , and at the end of the evaluation period, its value S T can have two possible outcomes, either
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The manager owns a fraction a of the fund with 0 ≤ a ≤ 1, and investors hold the remaining portion (1 -a) of the assets. Management fees equal a proportion m ≥ 0 of fund value (1-a)S T at the end of the evaluation period and incentive fees are a percentage k ≥ 0 of the fund's performance in excess of the high water mark H T , that is (1-a)kmax{S T -H T ,0}. For some incentive contracts, the high water mark grows at a certain rate of interest. As Hodder and Jackwerth (2007) , we assume that it grows at the risk free rate during the evaluation period such that H T = H 0 (1+ r f T). The total wealth of the manager W T is the sum of his ownership in the fund and his fees. At the end of the evaluation period, it is expressed as follows:
Investors wealth is expressed as follows:
From the above variables, the expected value of the manager's wealth at the end of the period is:
From the binomial model, it follows that: The expected investors' wealth is:
The moneyness (or more precisely the "out of the moneyness") L 0 is an important variable of the model, because it determines how far the fund value is from the high water mark. In other words, it is a measure of how far the option is out of the money. This measure is interesting because it increases with previous losses and it shows the path-dependent nature of the manager's payoffs. The larger the value of L 0 , the smaller the expected compensation of the manager.
Impact of the Fund's Volatility Level on Expected Values
Replacing the probability p e by its expression in equation (3), we obtain, depending on whether the option is expected to be exercised or not, the following expressions for the derivatives of E[W T ] and E[I T ] with respect to the volatility of the risky asset: 
where 1 k is an indicator variable such that: show that the manager may have an incentive to increase risk, but if he has to choose between two assets having the same expected return, a rational manager will invest in the one with the lower volatility; because it has a better risk-adjusted return and also because even if investing in the asset with the higher volatility increases the expected value of his incentive fees, it reduces the expected value of investors wealth. If the manager wants to increase his fees, a solution is to increase the proportion of the fund invested in the asset with the best risk-adjusted return. This will increase the volatility of the whole fund as well as its expected return. As result, the manager will increase both the expected value of his wealth and the expected investors' wealth. The question is what is the optimal proportion to be invested in the risky asset, because increasing the risk of the fund also increases the magnitude of losses in the case where his bet does not come true.
Other Factors That Can Impact the Manager's Risk-Taking Behavior
The above results suggest that even if, a priori, we may have reason to believe that hedge fund managers have a strong incentive to take a high level of risk, especially when their incentive contract is OTM, they may not necessarily do so given the potential impact that it has on investors wealth. Furthermore, their volatility strategy may not only be driven by the willingness to exercise their option or to increase the value of their option contract, but also by other factors. Theory suggests that the value of an option increases with the volatility of the underlying asset. But this theory does not address the issue of overall wealth when the holder of the option is also the manager of the underlying asset, and this is the case for hedge fund managers. As Goetzmann et al. (2003) mention, hedge fund managers cannot do any form of delta hedging. They hold option-like contracts on assets they manage. If you hold an option contract on an underlying asset traded in the market, you will benefit from an increase in the volatility of the asset because it implies that your contract is worth more. However, if you have some interest in the underlying asset, you will be concerned by its risk level, and this is the case for hedge fund managers because a high volatility of the fund is also associated with a high probability of termination.
Many other factors may affect the risk-taking behavior of the manager such as his relative performance, his ownership in the fund, the size of the fund and the average risk of his peers. The various categories of hedge funds do not have the same exposure to risk factors and therefore, do not have the same level of risk. For instance, the average monthly volatility for Fixed Income Arbitrage funds in the TASS database from January 1994 to June 2011 was 2.60%, while it was 5.93% for Emerging Market hedge funds. (Note 3)
As for the size of the fund, incentive fees do not have the same importance in the manager's compensation. Incentive fees might be more important for a small fund because management fees (paid from the asset under management) might sometimes be insufficient to cover operating expenses. On the other hand, incentive fees might not be as important for a large fund which can cover its operating costs with management fees. Hence, a manager of a small fund is constrained to assume a higher level of risk in order to survive because for him, the www.ccsenet.org/ijef
International Journal of Economics and Finance Vol. 5, No. 3; 2013 relative importance of incentive fees is higher than it is for a manager of a large fund. As the fund grows, the relative importance of incentive fees decreases and thereby, the need to take riskier positions decreases.
Optimal Trading Strategy
The previous equations show that for a given expected return, a higher level of risk has a positive impact on manager incentive fees and a negative impact on investors wealth. On one hand, the manager has an incentive to manage a fund with a high level of risk because his option value at each period increases with volatility. On the other hand however, a higher volatility increases the magnitude of losses and this could be harmful to the manager's reputation as well as to his ownership in the fund and his compensation because of outflows due to bad performance. Outflows represent a powerful tool that investors can use in order to prevent excessive risk-taking by managers. Outflows lower managerial compensation because fewer assets under management imply smaller management and incentive fees. Outflows can also be costly for the manager because he could be forced to liquidate certain positions at a suboptimal price in order to meet redemptions. Outflows can even lead to the liquidation of the fund. The 2008 financial crisis is an example where many hedge funds have been forced to liquidate due to redemptions. In order to avoid withdrawals, and even attract new investments, the manager should maintain a good track record. For each period, he should provide the investor with a return after fees superior to that the latter can achieve on his own, otherwise he is better off investing elsewhere. Indeed, the reason why investors accept liquidity constraints imposed by hedge funds and the payment of high incentive fees is the strong expectation that year after year they will provide absolute returns. (Note 4)
Hedge funds define themselves as absolute-return strategies and a positive periodic return can be considered an implicit feature of the contract. This return may also depend on market conditions. For example, if we assume that the investor has the choice of investing in either a hedge fund or the risk free rate, this minimum return should be superior to the risk-free rate. Then, for each period, the manager faces a trade-off between increasing his fees and meeting investors expectations. Now, let us solve for the optimal trading strategy of the fund from the manager's prospect. Let's denote r b , the minimum net-of-fees return required by the investor, which in other words can be considered as a benchmark for the manager. As we mentioned, it may depend on market conditions, and we should have a specific r b for each period. We assume that r b is known at the beginning of each year and does not change during the year. Another assumption is that the fund can be liquidated in the event of a very poor performance as in Goetzmann et al. (2003) and Hodder and Jackwert (2007) . Therefore, the manager should always watch the downside risk of the fund even if its expected return is positive. In our binomial model, a loss can occur with the probability (1-p e ). An optimal behavior would be therefore to ensure that in the case of the occurrence of this state of nature, the value of the fund remains superior or equal to the liquidation boundary, otherwise the fund will be liquidated (immediately after the payment of management fees). Let's denote B 0 , the liquidation boundary at the beginning of the year. (Note 5)
Another point to consider is the fact that in the three components of the manager's wealth, only the expected value of incentive fees increases with volatility as we mentioned previously. The expected value of management fees and that of his ownership in the fund does not change with a greater volatility. On the contrary, they will not necessarily benefit from a higher volatility because a higher level of risk also increases the magnitude of losses; and the higher the losses the lower this part of the manager's wealth will be. We then suppose that, according to his tolerance for risk, the manager sets a limit variance θ² for this part of his wealth.
The manager's optimization problem is then to choose an admissible trading strategy that maximizes his expected wealth at the end of the evaluation period T, by using 

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